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Abstract 

In this paper, we focus on ordered fc-fiaw preference sets. Let OV n , : >k denote the set 
of ordered preference sets of length n with at least k flaws and S n f. = {(xi, ■ ■ ■ ,x n _k) | 
x\ + X2 + • • • + = n + k, Xi £ N}. We obtain a bijection from the sets OV n ^>k 

to Snfi. Let OT n .k denote the set of ordered preference sets of length n with exactly k 
flaws. An (re, k)-flaw path is a lattice path starting at (0, 0) and ending at (2re, 0) with 
only two kinds of steps — rise step: U = (1, 1) and fall step: D = (1, —1) lying on the 
line y = —k and touching this line. Let T> n ^ denote the set of (re, fc)-flaw paths. Also we 
establish a bijection between the sets OV Hi k and T> n ^. Let op™ >k <t (op™ k =l ) denote the 
number of preference sets a = (oi, • • • , a n ) with at least k (exact) flaws and leading term 
m satisfying < I for any i (max{aj | 1 < i < n} = I), respectively. With the benefit 
of these bijections, we obtain the explicit formulas for op™ >k <; . Furthermore, we give 
the explicit formulas for op™ k ,. We derive some recurrence relations of the sequence 
formed by ordered /c-flaw preference sets of length n with leading term m. Using these 
recurrence relations, we obtain the generating functions of some corresponding /c-flaw 
preference sets. 
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1 Introduction 



Throughout the paper, we let [m,n] := {m,m + 1, • • ■ , n}, [n] := {1,2, ■•• , n} and c n 
denote the n-th Catalan number for any n > 0, i.e. c n = ^ty( 2 ^)- It is well known that the 
sequence c n has the generating function C(x) := ^ c n x n satisfying the functional equation 

n>0 

C(x) = 1 + zC{xf and C{x) = explicitly. 

Suppose that n cars will be parked in n parking spaces which are arranged in a line and 
numbered 1 to n from left to right. Each car has initial parking preference aj. If space a« 
is occupied, the car moves to the first unoccupied space to the right. We call (ai, • • • ,a n ) 
preference set. Clearly, the number of the preference sets is n n . If a preference set ( Cb\ , • • • , CL n J 
satisfies a« < a^+i for 1 < i < n — 1, then we say that this preference set is ordered. If all the 
cars can find the parking spaces, then we say the preference set is a parking function. If there 
are exactly k cars which can't be parked, then the preference set is called a k-flaw preference 
set. 

Parking functions were introduced by J. Riordan in [15J. He derived that the number 
of parking functions of length n is (n + l)™" 1 , which coincides with the number of labeled 
trees on n + 1 vertices by Cayley's formula. Several bijections between the two sets are 
known (e.g., see [TJ [151 [IB])- Furthermore, Riordan concluded that the number of ordered 
parking functions is ^-j- ( 2 ") , which is also equals the number of Dyck path of semilength n. 
Parking functions have been found in connection to many other combinatorial structures such 
as acyclic mappings, polytopes, non-crossing partitions, non-nesting partitions, hyperplane 
arrangements, etc. Refer to [HI El El EE31 EEZ1 HE] for more information. 

Parking function (a±, - ■ ■ , a n ) can be redefined that its increasing rearrangement (b\, ■ ■ ■ , b n ) 
satisfies hi < i. Pitman and Stanley generalized the notion of parking functions in [T3] . 
Let x = (x\, ■ ■ ■ ,x n ) be a sequence of positive integers. The sequence a = (a 1; ■ • • ,a n ) is 
called an x-parking function if the non- decreasing rearrangement (b±, ■ ■ ■ ,b n ) of a satisfies 
bi < x\ + ■ ■ ■ + X{ for any 1 < % < n. Thus, the ordinary parking function is the case 
x = (1, • • • , 1). By the determinant formula of Goncarove polynomials, Kung and Yan [TJ] 
obtained the number of x-parking functions for an arbitrary x. See also [HI [20l [21] for the 
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explicit formulas and properties for some specified cases of x. 

An x-parking function (oi, • • • , a n ) is said to be fc-leading if a\ = k. Let p n ^ denote the 
number of fc-leading ordinary parking functions of length n. Foata and Riordan [7] derived the 
generating function for p n> k algebraically. Recently, Sen-peng Eu, Tung-shan Fu and Chun-Ju 
Lai [1] gave a combinatorial approach to the enumeration of (a, b, ■ ■ ■ , 6)-parking functions by 
their leading terms. 

Riordan [15] told us the relations between ordered parking functions and Dyck paths. Sen- 
peng Eu et al. [3, E] considered the problem of the enumerations of lattice paths with flaws. 
It is natural to consider the problem of the enumerations of preference sets with flaws. There 
are a few research results about (ordered) /c-flaw preference sets. There is a interesting facts. 
Salmon and Cayley in 1849 established the classical configuration of 27 lines in a general 
cubic surface. Given a line I, the number of lines, which are disjoint from, intersect or are 
equal to I, are 16,10 and 1, respectively, see pU] for the detail information. These number 
exactly are the number of 0-, 1- and 2-flaw preference sets of length 3. Peter J Cameron et 
al. pp indicate that there are some relations between /c-flaw preference sets and the context 
of hashing since data would be lost. Also they counted the number of fc-flaw preference sets 
and calculate the asymptotic. In another joint work [11] , using the methods different with 
PP, Po-Yi Huang et al. studied £;-flaw preference sets. In this paper, we focus on ordered 
A;-flaw preference sets. Let OV U) >k denote the set of ordered preference sets of length n with 
at least k flaws and op Ut >k = \OV nt >k\- It is well known that the number of solutions of the 
equation x\ + x 2 + • ■ ■ + x^ = n in nonnegative integers is ( n ^^ 1 )- Hence, the number of 
solutions of the equation x± + X2 + ■ ■ ■ + x n -k = n + k in nonnegative integers is ( • Let 
<Sn,k = {(^i) • • • j %n-k) I x i + x 2 H — • + %n-k = u + k,Xi G N}. One of our main results is that 
we obtain a bijection ( between the sets OV n ,>h an d S n ^. With the benefit of the bijection , 
we conclude that op nj >k = („ 2 V_J- Let OV n; k(OV n ,<k) denote the set of ordered preference 
sets with exact (at most) k flaws and op n ^ = \OV n ,k\ (°Pn,<k = \CPn,<k\), respectively. By 
a simple computation, op n ^ = op Ut >k — °Pn,>k+i, we derive that the number of order fc-flaw 
preference sets is ^Ti)- Similarly, we also obtain op nj <k = ^"LjJ — ( 2 "Z1 2 )- 

An (n, < k)-flaw path is a lattice path starting at (0, 0) and ending at (2n, 0) with only 
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two kinds of steps — rise step: U = (1, 1) and fall step: D = (1, —1) lying on the line y = —k. 
Let T> n < k denote the set of (n, < fc)-flaw paths. If an (n, < fc)-flaw path P touches the line 
y = —k, then P is called (n, k)-flaw path. Let T> n ^ k denote the set of (n, /c)-flaw paths. We also 
find a bijection u from the sets OV ny k to T> Uj k, and this gives the identity op n ^ k = ^~H n _5fc_i) 
a bijection proof. In fact, the mapping u can be viewed as a bijection from the sets OV n) < k 

to £>n,<fc. 

Motivated by the work of Foata and Riordan in [7j as well as Sen- Peng Eu et al. in [I], we 
investigate the problem of the enumeration of ordered fc-flaw preference sets with leading term 
m. Let OV™ k denote the set of ordered fc-flaw preference sets of length n with leading term 
m and < A = \OV™ k \. We find that op^ 1 = ^fi^ 1 ) and <* = ^fe^C-^) ^ ^ny 
m < k. Furthermore, let OV™ k =l denote the set of ordered £;-flaw preference sets of length 
n with leading term m and maxjaj | i e [n]} = /. Let op™ k=l = \OV™ k=l \. We conclude 
that = ^( Yi^ 1 ) and op^ = ^E^^ for any 

m < k. 

Also we are interested in the recurrence relations for the sequence op™ k . We find that 
for any k > 0, the sequence op^ + k satisfies the recurrence relation: op^V^ k+l = op k ^~ k + 
0Pn + k+ \ + °Pnfc+ii for any 1 < m < k, the sequence op™ k satisfies the recurrence relation: 

fc+l n—k 

°Pnk = S S c i°Pn-ik'i ^ OT an y k > 0, the sequence op n ^ k satisfies the recurrence relation: 

j—m+l i=l 
n—k—1 

op n ,k = Yl c i\°Vn-i,k — °v\~% k\ We use x,y and z to mark the number of flaws, length and 

i 

leading term of a preference set, respectively. By these recurrence relations, we easily obtain 
the generating functions for the corresponding sequences. For any k > 0, the generating 
function (p k (y) for op^ + k satisfies the recurrence relation: (p k+1 (y) = yC(y)ip k (y) and (fo(y) = 
y[C(y)} 2 ] for any k > and k > m > 1, the generating function p m ,k(y) for °P™k satisfies the 
recurrence relation: p m ,k{y) = C (y) Pm+i,k(y) and Pk,k{v) = y k+2 [C{y)} k+A ; for any k > 0, and 
the generating function (p k (y) for op njk is <pk{y) = y fe+1 [C(?/)] 2 ^ +1 ^ So, we easily compute the 
mean and the variance of flaws of all fc-flaw preference sets in OV™ k and OV n> k, respectively. 

Recently, Postnikov and Shapiro [H] gave a new generalization, building on work of Cori, 
Rossin and Salvy [2], the G-parking functions of a graph. For the complete graph G = K n+1 , 
the defined functions in [TJ] are exactly the classical parking functions. So, in the future work, 
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we will consider fc-flaw G-parking function. 

We organize this paper as follows. The bijection ( is given in Section 2. In Section 3, 
we enumerate fc-flaw preference sets by the leading terms. In Section 4, we obtain some the 
recurrence relations of the sequence formed by some fc-flaw preference sets. In Section 5, we 
derive the generating functions of the sequence formed by fc-flaw preference sets. In Section 
6, we compute the mean and the variance of flaws of all fc-flaw preference sets in OV™ k and 
OV n ^k- We list the number of fc-flaw preference sets of length n with leading term m obtained 
by computer search for n < 6 in the Appendix. 



2 The bijection from OV n ,>k to S n ^ 

In this section, we will give the bijection ( from the sets OV nt >k to S n ^- 

Suppose a is an ordered A;-flaw preference set of length n, Let r a = (n, • • • ,r n ) be the 

specification of a, i.e., Tj = |{j | aj = When k = 0, Riordan [15] proved the following 

lemma. 

Lemma 2.1. [15] The number of parking functions of length n is equals the n-th Catalan 
number c n . Furthermore, let a = (ai, • • • , a n ) be a parking function of length n and r a = 

m n 

(ri, ■ • • , r n ) the specification of a. Then for any m G [n], rj — m > and Y r % ~ n — 0. 

i=l i=l 

Now, we consider the case with a = (ai, • • • , a n ) G OV n ^>k- Suppose a is a ordered k- 
flaw preference set, then k > k. Furthermore, we may suppose k ^ and parking spaces 
mi, ■ • • ,m k are empty, then r mi = for i G [k]. Set m = and m k+1 = n + k. For each 
i G [k + 1], let Tj = {j \ m^i < aj < and Ui = |Tj| = m; - m^! — 1. 

Lemma 2.2. fij Let i G [£;] . For any m G we have ^2 r m i . 1 +j —j > and ^2 r m,i-i+j ~ 

.i i ' i=i 

Ui = 0. 

(2) For any m G [n — m k } we have Y r m-+j — j > and ^ r m . + j — (n — m k ) > 0. 

i=i k j=i 

Proof. (1) Let ay, = (a^, • • • , dj u .) be a subsequence of a determined by the subscripts 
in Tj and $ = (a^ — mj_i, • • • , a Ju . — ?7ij_i). Obviously, /3j is an ordered parking function of 
length Ui. By Lemma I2TTI we obtain the results as desired. 
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(2) Similar to (1), by Lemma [2.11 for any m G [n — mg] we have Y r m-+j — 3 ; > 0. Note 

n— m k 

k ^ and = n + — m k > n — m k . We have Y r m-+j — (n — m k ) > 0. ■ 

3=1 



Furthermore, Let R = {m , m 1 , • ■ ■ , m k }, R+l = {m+1 \ m G R}, H = {m k _ k+1 , ■ ■ ■ , m k }, 
H + 1 = {m + 1 | m G H} and T = [n] \H. Obviously |T| = n — k. Suppose T = {z 1; ■ ■ • , z n _fc} 
satisfying ij < for any j E [n — k — 1] and r Q (T) = (r^, • • • , r in _ k ) be a subsequence of r a 
determined by the subscripts in T. 

For any ij G T, if ij ^ H + 1, then let W7j = 0; if ij G if + 1, then let u>j = | [ij-i, ij] H i/| 
when j > 1 and Wi = | [1, zi] n H\. At last, let = rj. + w-,- for all j = 1, 2, • • ■ ,n — k and 

m—1 

Lemma 2.3. For an?/ j G [n — suppose ij G T. Lei y(j,m) = Y x j+i ~ 771 f or a H 

1=0 

m G [n — k + 1 — j] . Then 

(1) If ij G (R + l)\ (H + 1), then there exists a rh satisfy y(j, m) > for all m G [m — 1], 
m — 1) = and y(j, m) < 0. 

(%) //"ij = m s + l for some s G [k — k + 1, k — 1], i/ien u>j = min{y(j, m) |m£ [n— — j]} 

and m s+1 — m s — 1 = max{m | y(j, m) = «;.,■} 

(^) If ij — k + 1, then Wj < min{y(j,m) | m G [n — k + 1 — j]}. 

U) Y Wj = k 
ij&Tn{H+i) 

n—k 

(5) Y Xi = n + k. 

i=l 

Proof. (1) By Lemma T2.2[ if ij = 1, then m = mi — 1; if ij = m s + 1 for some s G [k — k], 
then m = m s+1 — m s — 1. 

(2) Since ij = m s for some s G [fc — k + 1, & — 1], by Lemma 12.21 we have y(j, m) > Wj 
for all m G [m s +i — m s — 2] and y(j,m s+ i — m s — 1) = Wj. Note that x J+ms+1 _ ms _i — 1 > 0. 
Hence, ^ = min{y(j, m) | m G [n — k + 1 — j}} and m s+ i — m s — 1 = max{m \ y(j, m) = Wj}. 

(3) Similar to (2), by Lemma [2.21 we have Wj < min{y(j, m) m G [ii - k + 1 — j]}. 

(4) When ij G T D (F + 1), since iWj = |[i,--i,i;] n if | if j > 1 and u>i = |[l,ii] n /f|, we 
have E Wj = k. 
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(5) Clearly, r ij = n. By (4), we have 



n—k 

i=i ij&T ijtT ijeTn(H+i) 



Example 2.1. Taken = 9 and k = 2. Consider a = (1, 1, 3, 3, 5, 9, 9, 9, 9) G OV %: > 2 . Then 
r a = (2,0,2,0,1,0,0,0,4), R = {6,7,8}, H = {7,8}, So, R+l = {7,8,9}, if + 1 = {8,9} 
and T = {1,2,3,4,5,6,9}. Hence r a (T) = (2,0,2,0,1,0,4), w = (0,0,0,0,0,0,2). Finally, 
we havex = (2,0,2,0,1,0,6). 

The above process give a mapping ( from the sets OV nt >k to <S„ ;fc . In fact, we may prove 
the mapping ( is a bijection from the sets OV nt >k to S n ^- 

Theorem 2.1. There is a bijection ( from the sets OV n ,>k to S n ^. 

Proof. To find let x — (xi, • ■ • , x n _ k ) G <S nj fc. For any « G [n — k] and j G [n — i + 1], 

3-1 

let y(i,j) = Yl x i+m — j- If there is a m G [n — i + 2] such that y(i,m + 1) < 0, suppose 

m=0 

y(i,rh + 1) is the first negative number in the sequence y(i, 1), • • • ,y(i,n — i + 1), then let 
■u(i) = m and i>(i) = 0. Otherwise, we have y(i,j) > for all j G [n — i + 1], then let 
m = max{j' \ y^ji < y^j for all j G [n — i + 1]} and -u(i) = m and v(i) = y(i,m). At last, let 
u = (m(1), • • • , u(n — k)) and v = (v (1), • • • , t>(n — fc)). 
Now, let 

u(l)=«(l) v(l)=v(l) 

u(i + 1) = u(u(i) + 1) u(i + 1) = v(u(i) + 1), 

i i 

and s(i) = u{i) and t(i) = ^ v(i), then there exists a m satisfying t(m) < k and t(m+l) > 

3=1 j=i 
k. So, for any % G [m], let = (r^i, • • • ,7"^+^) such that 



if 1 < j < u(l) 

Xj-t^i) - u(l) if j=v(l) + l 
Xj-gfi) if u(l) + 2 < j < «(1) + u(l) 
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for 2 < i < m, 



if 1 < j < v(i) 

r i,j = \ x a (i-i) +j - v (i) - v(i) if j = v(i) + 1 

x s(i _ 1)+j _ v(i) if v(i) + 2<j< u(i) + v(i) 

and r^ + i = (r^ +li i, ■ • • , r^ +1(n _ a (^)_ t (^)) such that 



if 1 < j < k - t(m) 

x s (m)+j-k+t(m) -k + t(m) if j = k- t(m) + 1 
x s (m)+j-k+t(fh) if k - t(m) + 2 < j < n - s(m) - t(m) 

Finally, we obtain a specification r = (r 1; • • ■ , r„ +1 ) of a preference set of length n with at 
least k flaw. ■ 

Example 2.2. Let its consider the equation x\ + ■ ■ ■ + x-j = 11 and a solution x = 
(2,0,2,0,1,0,6). It is easy to obtain that n = 9 and k = 2. By simple computations, 
we may get u = (6,0,3,0,1,0,5) and v = (0,0,0,0,0,0,5). Clearly, m = 1. Hence, 
ri = (2,0,2,0,1,0) and r 2 = (0,0,4). So, we have r = (2,0,2,0,1,0,0,0,4). Finally, we 
construct a ordered preference set (1, 1, 3, 3, 5, 9, 9, 9, 9) of length 9 with at least 2 flaws. 



With the benefit of the bijection in Theorem 12.11 we obtain the following corollary. 
Corollary 2.1. op n ^ k = (^J. 

5 

Example 2.3. Take n = 6 and k = 3. In Appendix, we can find op6,>3 — °Ps,i = 55 = 

2=3 

ft 1 )- 

Remark 2.1. iVote £/ia£ op^^ = op n> >k — op Ht >k+i- By Corollary \2.1\ we have op n ^ = 
^~{ n -k-i) ■ Let OV n ,<k denote the set of preference sets of length n with at most k flaws 
and op n) < k = \OV n ,<k\- Obviously, op n> < k = op n> > - op nt > k+1 . Hence we have op n ,< k = 
Cn-i) ~ {n-k-2) ■ ^ n res t of this section, we will give the bijection proofs of the above 
results . 

Clearly, when k = 0, an (n, 0)-flaw path is an n-Dyck path as well. We can also consider 
an (n, /c)-flaw path P a word of 2n letters using only U and D. If a joint node is formed by a 
rise step followed by a fall step, then this node is called a peak. 
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Let a = (ai, ■ ■ ■ ,a n ) G OV n ,k and r a = (7*1, ■ ■ ■ ,r n ) be the specification of a. For any 
i G [n], let Pi = UU ■ ■ ■ U y D. So, we obtain a lattice path P = P 1 ---P n of length In. 

Obviously, P is an (n, /c)-flaw path and P G T> ril k- So, we obtain a mapping from OV n ,k to 
V nt k, and we denote this mapping as uj. 

Example 2.4. Let a = (1,1,3,3,5,9,9,9,9) G OV 9 , 3 - Then r a = (2,0,2,0,1,0,0,0,4). 
So,we may obtain a (9, 3)- flaw path P = UU DDUU DDU DDDDUUUU D . 

In fact, we may prove the following theorem. 

Theorem 2.2. There is a bijection u from OV n ,k to T> n ^ 

Proof. To find a; -1 , for any P G T> n j., we view P as a word of length In using only U 
and D. Our goal is to find a vector r such that r is the specification of a /c-flaw preference set 
of length n. By adding a symbol * and replacing every peak UD with U*, we may obtain a 
new word P. Now, we suppose P = W1W2 ■ ■ -ivm- Let T = {j \ Wj = D or to, = *}. Clearly, 
\T\ = n. Hence, we may suppose T = {ii, • • • , i n } satisfying i s < i s+ i. For any j G [n], 
if u>^ = D, then let r 3 - = 0; if w i] = *, then rj — \{s \ w s — u and < s < So, 

n 

we construct a vector r = (r±, • • • , r n ). Since ^ r j = n, there is a vector a = (ai, • • • , a„) 

i=i 

satisfying r Q = r. Since P touch the line y = —k, a is a fc-flaw preference set of length n. ■ 

Example 2.5. Let P = UU DDUU DDU DDDDUUUU D , clearly, P G Z> 9 , 3 . Further- 
more, we have P = UU*DUU*DU*DDDUUUU* and T = {3, 4, 7, 8, 10, 11, 12, 13, 18}. Note 
that i\ = 3 and = w 3 = *, hence r\ = 2. Since i 2 = 4 and w i2 = w 4 = D, we have r 2 = 0. 
Finally, we may obtain a vector r = (2,0,2,0,1,0,0,0,4) and a = (1,1,3,3,5,9,9,9,9) G 
OV 9t3 . 

The mapping uj can be viewed as a bijection from the sets OV n ,<k to P n ,<fc- So, we have 
the following corollary. 

Corollary 2.2. There is a bijection from the sets OV n ,<k to T> n ,<k- 

Let dn )k = |£>n,fc|- It is well known that d n , k = ^ i ( n _ 2 fe_ 1 )- 

By Theorem 12.21 we immediately obtain the following theorem. 
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Theorem 2.3. For any < k < n - 1, op n)k = ^( n _ 2 £_i)- 

Example 2.6. Take n = 6 and k = 2. In appendix, we find opQ t2 = HO = |( 3 )- 

3 Enumerating ordered fc-flaw preference sets by lead- 
ing terms 

In this section, we will enumerate ordered fc-flaw preference sets by leading terms. First, 
let OV nt >k,<i denote the set of ordered preference sets a — (ai, • ■ ■ , a n ) of length n which have 
at least k flaws and satisfy < I for any i G [n). Let op Hj >k,<i = \0'P n ,>k,<i\- It is easy to 
obtain that I > n and op ny >k,<i = if / < k. 

Lemma 3.1. For any n > I > k + 1, op ni >k,<i = (j^Zi)- 

Proof. For any n > I > k + 1, be Theorem 12.11 op n > kt <i is equals the number of the solu- 
tions of equation x\+x 2 + - ■ ■+xi- k = n+k in nonnegative integers. Hence, op n: >k,<i = (t^Zt)- 



Now, for any m < I, let OV™ >k <i denote the set of ordered preference sets a = (ai, ■ • • , a n ) G 
OVn t > k ,<i with leading term m. Let op^> fc ,<; = \®'P™> kt < l \. 

Lemma 3.2. For any n > I > k + I, op k +> kSl = ("J^ 2 )- 

Proof. Suppose a = (oi, • • • , a„) G OV^> k <t , let /3 = (ai — A;, • • • , a n — k), then (3 G 
OV n,>o,<i-k- Conversely, for any (3 = (b u • ■ ■ , b n ) G OV\> QSl _ k , let a = (6 a + fc, • • ■ , b n + k), 
then a G OPjg^,. So, qp£gfe,<i = °<>o,<* 

By Theorem 12. 11 op* >0 <; is equals the number of the solutions of equation 

{xi + x 2 H V xi = n 
x\ > l,x 2 > 0, • • • ,xi > 0, 

in nonnegative integers. Let ?/i = Xi — 1 and = Xi for all i > 2. So, op\ >0 <; is equals the 
number of the solutions of equation yi + y 2 + ■ ■ ■ + yi = n — 1 in nonnegative integers. Hence, 
we have op k n % ^ = ( n ^7 2 ) for any n > I > k + 1. ■ 
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Lemma 3.3. For any n > I > k + 1 and k > m, op™ >k<l = (™ti fc m 2 X )- 

Proof. Suppose a — (ai, ■ ■ ■ , a n ) G OV™ >k<l , let j3 = {a\ — m + 1, - • • , a n — m + 1), 
then G CP^> fc _ m+li < ; _ m+1 . Conversely, for any (3 = (6 X , • • • , 6 n ) G OP^^^n let 
a = (&! + m - 1, • • • , b n + m - 1), then a G OP™> fc ,<,. Hence, op™> fc < ; = op\ > fc _ m+li < ; _ m+1 

i-m+l 

For any a = (oi, • • • , a n ) G Q Wn,>i- m+ i,<i- m+ i,let/3= (oi-l,--- ,a n — l), then /3 G 

i=2 

Wn,>fc-m,i-m- Conversely, for any /3 = (b u ■ • • , b n ) G OP ni > fc - m ,z- m , let a = (&i + 1, • • • , b n + 
1), then a G U OPJ h > fc _ rn+li < l _ rn+1 . So, 5] pp^> fc 

— m+l,<i— m+1 OPn,>k—m,<l—m' 

i=2 i=2 

Hence, by Lemma [3.11 we have 

°Pn,>k,<l = °Pn,>k-rn+l,<l-m+l 

l-m+l 

= OJ) n .>k-m+l,<l-m+l ~ °Pn,>k-m+l,<l-m+l 

i=2 

= °Pn,>k-m+l,<l-m+l ~ °Pn,>k-m,<l~m 

n + I — m\ fn + I — m — 1 



l-k-l J \ l-k-1 
n + I — m — V 
l-k-2 



Let OV™ k<l denote the set of ordered fc-flaw preference sets a = (ai, • • • , a n ) of length n 
which satisfy a x = m and a« < / for any i G [n]. Let op™ fc <z = \OV^ k <t \. By Lemmas 13.21 and 
13.31 we obtain the following two corollaries. 

Corollary 3.1. For any n > I > k + I, op££<, = ^I±til ^i-k-iy 

Proof. Note that op££<j = op%£ k ,<i ~ °P^>k+i,<i- By Lemma we have 

k+1 fn + l-k-2\ _ fn + l-k-2\ 

° Pn ^ 1 ~ V l-k-1 J \ l-k-3 J 
n-l + k + 2fn + l- k-l\ 
n + 1 V l-k-1 )' 

■ 

Corollary 3.2. For any k > m > 1 and n > I > k + 1, op™ k ^ = n ;'+^ff+ 4 ("t^™" 1 )- 
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Proof. Note that op£ fcj <, = op™> fc> < ; - °P™>k+i,<i- % Lemma E31 we have 

m fn + I — m — 1\ fn + I — in — 1 

= V i-ifc-2 J"V J-*-3 
n — I + 2k — m + A/n + l — m — 1 



n - m + A; + 2 V l-k-2 



For any a G OV™ k , it is easy to check that parking spaces 1, 2, • • • , m— 1 are empty. Hence, 
°P™fc = if m > + 2. Obviously, op n ,k — if n < k. So, we always suppose n > k + 1 > m. 
First, we consider the case with m — k + 1. 

Theorem 3.1. Letn> k + 1. Then opt + k = ^ f 2 ™^ 1 ) • 

Proof. Take I = n in Corollary 13.11 ■ 
Example 3.1. Take n = 6 and k = 2. In Appendix, we find op\ 2 = 48 = ^ (^) . 
Theorem 3.2. Let k > m > 1 and n> k + 1. Then op™ h = 2k ~ m+A ( 2n i m o ) . 

— — — rn,K 2n—m \n—k—2/ 

Proof. Take I — n in Corollary 13.21 ■ 
Example 3.2. Take n = 6 , k = 2 and m = 2. In Appendix, we find op\ 2 = 27 = §( 2 °)- 
Theorem 3.3. For any n > I > k + I, op k + k l =l = ( w +|-*~ 1 ) . 

Proof. Note that op k +£ =l = op^,<i ~ °P^k,<i-x- % Corollary O, we have 

k+1 n-l + k + 2fn + l-k-l\ n-l + k + 3fn + l- k- 2 

° Pn > k >= 1 = n +l \ l-k-1 ) n + 1 V l-k-2 

n-l + k + 1 fn + l-k-V 



n + I - k - 1 V l-k-1 



Theorem 3.4. For any k > m > 1 and n > I > k + 1, 

m (n - I + 2k - m + 4)(n - m + k + 1) - (I - k - 2) fn + I - m - 1 
° Pn - fc ' =i = ( n _ m + fc + 2)(n + Z-m-l) V l-k-2 

Proof. Note that op™ fc = , = op™ k <; — op™ fc <l _ 1 . By Corollary 13.21 we have 

m n — I + 2k — m + A/n + l — m — l\ n — I + 2k — m + 5 f n + I — m — 2 

° Pn ' k '= l ~ n - m + k + 2 V l-k-2 ) n-m + A; + 2 \ I - k - 3 
(n-l + 2k-m + A)(n -m + k + l)-(l-k-2)('n + l- m-V 
(n-m + k + 2)(n + l-m-l) \ l-k-2 
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4 The recurrence relation of ordered fc-flaw preference 
sets 



In this section, we will give some recurrence relations of the sequence formed by ordered 
fc-flaw preference sets of length n with leading term m. 
First, we consider the case with m = k + 1. 



Theorem 4.1. For any k > 0, the sequence formed by k-flaw preference sets of length n 
with leading term k + 1 satisfies the following recurrence relation: 

op k n + + \ k+l = op^ 1 + op k +l +1 + op k n % v (1) 

Proof. Let A denote the set of preference sets of length n with at most k + 1 flaws and 
leading term no less than k + 1. Obviously, for any (3 = (pi, ■ ■ ■ , b n ) G A, we have b± — k + 1 
or k + 2, hence, A = OV^ 1 U OPj&j U 0^+ 2 +1 and \A\ = op^ 1 + op k ^ +1 + op k n % v 

Now, for any a — (a x , • • • , a n+ i) G OV k ^_ 2 x k+l , let /3 = (a 2 — 1, • • • , a n+i — 1), then (3 E A; 

k+2 

n+l,k+V 



conversely, for any f3 = (b x , • • • , 6 n ) G A, let a = (k+2, b x + l, • • • ,b n + l), then a G 



°Pn+l,fc+l - l U/ n+l,A;+ll - l A l - °Pn,fc + °Pn,k+l + °Pn,k+V M 

Example 4.1. Take n = 5 and k = 1. In Appendix, we can find op\ 2 = 48, op| x = 
28 >°P5,2 = 6 and °Pl,2 = 14 - r/ien °Pl,2 = °Pl,i + °Pl,2 + °Pl,2- 

Remark 4.1. In fact, by Theorems \3.1\ and \3.S\, simple computation also implies the 
recurrence relation in Theorem ^. 1\ 

Theorem 4.2. For any k > 0, the sequence formed by k-flaw preference sets of length n 
with leading term k + 1 and max{aj | % G [n]} — I satisfies the following recurrence relation: 

°Pn+l,k+l,l+l = °PnJt,=l + °PnJt+l,=l + °Pn~!k+l,=l- (2) 

Proof. Let A denote the set of parking functions of length n with at most + 1 flaws 
and leading term no less than k + 1 and max{aj | i G [n]} = I. Obviously, for any (3 = 
(b x , ■ ■ ■ , b n ) G A, we have b x = k + 1 or k + 2, hence, A = OV k + k ] =l U OV k n f +h=l U OV k+2 
and \A\ = op k +] =l + op k + k \ h=l + op k + k \ h=l . 
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Now, for any a = (ai, • • • , a n+1 ) G OV*Xi,k+i,i+v let /3 = (a 2 - 1, • • • , a n +i - 1), it is easy 
to check that (3 G A; conversely for any f3 = (&i, • • • , 6„) G A, let a — (k + 2, + • • • , 6 n + l), 
then a e OPftUfW So ' 

^n+l,fc+l,i+l ~~ \ WI n+l,k+l,l+l\ ~~ 1^1 ~~ u Pn,k,=l ^ u Pn,k+l,=l ^ u Pn,k+l,=V 



For the case with 1 < m < k, we obtain the following results. 

Theorem 4.3. Let 1 < m < k. The sequence formed by k-flaw preference sets of length n 
with leading term m satisfies the following recurrence relation: 

k+l n—k 

<* = E ( 3 ) 

j=m+l i=l 

Proof. Let k >m> 1, a — (ai, • • • , a n ) G OV™ k and /3 = (ai — m + 1, • • • , a n — m + 1), 
then /3 G OP^_ m+1><n _ m+1 . Thus, we suppose the (i + l)-th parking space is the first empty 
parking space, let S = {j \ dj — m + 1 < i} and T = {j \ i + 2 < a,j — m+1 < n — m+1}, then 
\S\ — i and |T| = n — i Let /3g an d Ar be the sequences of (5 determined by the subscripts in 
S and T, respectively We have fa G OV t and /3 T G (J OV j n _^ k _ m+i+1 ^ n _ m+v 

j=i+2 

Note that 1 < % < n — k. Let c n be n-th Catalan number . Also it is easy to check 

k-m+i+2 . fe+1 . k+l 

U OV 3 n _ ijk _ m+i+li < n _ m+1 = U OK-i, k - Therefore, there are a and E V„_ l>fc 

j=«+2 j=m+l j=m+l 

possibilities for (5s and /Jr, respectively. Finally, we obtain the following equation 

n—k k+l k+l n—k 

OPn,k = J2° l J2 °Pn-t,k= J2 H C i A-i,k- 
i=l j=m+l j=m+l i=l 



Example 4.2. Take n = 6, k = 2 and m — 1. 5y £/ie G?a£a in Appendix, it is easy to check 

3 4 
j=2 i=l 

Theorem 4.4. Let 1 < m < k. The sequence formed by k-flaw preference sets of length n 
with leading term m and max{aj | i G [n]} — I satisfies the following recurrence relation: 

k+l n—k 

OPn,k,=l= J^^n-iAl-i- ( 4 ) 

j=m+l i=l 
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Proof. Let k > m > 1, a — (a± : ■ ■ ■ , a n ) G OV™ k=l and (3 = (a±— m + 1, • • • , a n — m + 1), 
then /3 G OV^ k _ m+1 i_ m+v Thus, we suppose the (i + l)-th parking space is the first empty 
parking space, let S = {j \ aj — m + 1 < i} and T = {j \ i + 2 < aj — m + 1 < / — m + 1}, then 
j^l = i and \T\ — n — i. Let (5s and (5t be the sequences of (5 determined by the subscripts in 

k-m+i+2 

S and T, respectively. We have [3 S G CPj and (3 T G |J OV 3 ^ k _ m+i+1 l _ m+v 

j=i+2 

Note that 1 < i < n — k. Let c„ be n-th Catalan number . Also it is easy to check 

k-m+i+2 . k+1 . k+1 

U OV 3 n _ itk _ m+i+ltl _ m+1 = (J OK-w-i- Therefore, there are a and £ op^_ i>fci ,_ i 

j=i+2 j=m+l j=m+l 

possibilities for (3$ and 0t, respectively. Finally, we obtain the following equation 

n—k k+1 k+1 n—k 

OPn,k,=l = J2° l J2 Pi-i,k,l-i = J2 J2 Cl0P> n-t,k,l^- 
i=l j=m+l j=m+l i=l 



Theorem 4.5. Let k > 0. The sequence formed by k-flaw preference sets of length n 
satisfies the following recurrence relation: 

n—k— l 

OPn,k = C A°Pn-i,k ~ OPn-i,fc]" 

i=0 

Proof. Let k > 0, a = (ai, • • • , a n ) G OV n ,k- We suppose the {i + l)-th parking space is 
the first empty parking space, let S — {j \ aj < i} and T = {j \ i + 2 < aj < n}, then \S\ = i 
and \T\ — n — i. Let 0:5 and «y be the sequences of a determined by the subscripts in S and 
T, respectively. Furthermore, suppose ax = (a^, • • • , a^.J, let (3t = (a^ — i, • • ■ , ai n _ i — i), 
We have a s G OVi and (3 T G \ CP T 1 t _ l ,fe- 

Note that < i < n — k — 1. Let c ra be n-th Catalan number . Therefore, there are c« and 
op n -i,k — °Pn-i t k possibilities for as and 0t, respectively. We obtain the following equation 

n—k—l 

OPn,k= E d[0Pn-i,k ~ Opl_ iM }. ■ 
i=0 

Example 4.3. Take n = 6 and k = 2. £fy i/ie date in Appendix, it is easy to check 
3 

°P6,2 = E Cj[0P6-i,2 - OP6-i,2]-- 
i=0 

5 Generating functions of ordered fc-flaw preference sets 

In this section, we want to obtain the generating functions of the sequences formed by 
ordered /c-flaw preference sets of length n with leading term m. 

15 



n-1 



Let ip(x,y) = °Pn,>kX k y n be the generating function for op ny >k- To obtain ip(x,y), 

n>l k=0 

we need the following lemma. 



Lemma 5.1. For any n > 0, let b n = ( 2 ™) and B(x) = bnX n be the generating function 

n n>0 

of the sequence bi, b 2 , ■ ■ ■ ■ Then B(x) = ^^_ Ax - 

Proof. Note that b n = (n + l)c n . Hence, B(x) = d(xC d ^ ]) = ^7=^ ■ 

Theorem 5.1. Let n > 1. The generating function ip n {x) for the sequence formed by or- 
dered parking functions length n with at least k flaws satisfies the following recurrence relation: 

'2n - 2" 



2xip n (x) = 2(1 + x) 2 ^ n _i(x) + (x - 1) 



n — 1 



Proof. By Lemma 12.11 using the equation (,") = ( n ) + ( n _\) , we obtain the following 
recurrence relation. 



, , N (1 + x) 2 . . . l H \.(2n-2 

^„(ar) = - H^ifc) + -(1 - -) , 

x 2 x V n — 1 



Corollary 5.1. Lei "0(x, y) be the generating function for the sequence formed by ordered 
parking functions length n with at least k flaws. Then 

x — 1 



ip(x,y) 



y 



+ x+ 1 



2(x-y(l + x) 2 ) 
Proof. By Theorem 15.11 we have 

2xJ2Mx)v n = 2(l + ,)^i_ 1 W + (x-l)^Mf 

n>2 n>2 n>2 ^ ' 

= 2y(l + xf Y, ^{x)y n + (x - l)j, £ P") 

n>l n>l ^ ' 

Note ipi (x) — 1. By Lemma 15.11 we have 

2a#(x, y) - y] = 2y(l + x) 2 </>(x, y) + (x - l)y [B(y) - 1] . 



Solving this equation, we have 

ip(x,y) = 



y 



2(x - y(l + x) 2 ) 
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x — 1 

T^y 



+ X+ 1 



Js+2 
J n,k+1- 

i=l 



n—k—l 

+2 „,n 



n-1 

Let <f(x, y) = Y Y °Pn + k xk y n = Y Y °Pn + ky nxk be the generating function for op^". 

n>lfc=0 ' k>0n>k+l 

Furthermore, let <p k (y) — Y °Pn + ky n f° r an Y k — 0> then (p(x,y) = Y l fk(y)x k . 

n>k+l ' k>0 

Theorem 5.2. Let k > 0. The generating function <fk{y) of the sequence formed by k-flaw 
preference sets length n with leading term k + 1 satisfies the following recurrence relation: 

<Pk+i(y) = yC(y)ifk(y) and ip (y) = y[C(y)} 2 . 

Proof. Obviously, when k = 0, we have tpo(y) — C(y) — 1 — y[C(y)] 2 since n > 1. 
For any k > 1, taking m = A; in Equations (1) and (3), we have 

n—k—l 

P k n + + lk + l = OPS" + E + 

Hence, 

n>fe+2 n>fc+2 n>k+2 i=l n>k+2 

So, 

[^ fc+ i(y) - op^+i^V 1 = - opt^y 4 " 1 + [C(y) - + (p k +i(y). 

Note that ppj[^ jfc+1 = op k k+lk = 1 and = 1 - yC(y). Therefore, (p k +i(y) = yC{y)ip k (y)M 

Corollary 5.2. Let <p(x, y) be the generating function of the sequence formed by k-flaw 
preference sets length n with leading term k + 1. Then 

Proof. By Theorem 15.2} it is easy to obtain that <p k (y) = y k+1 [C(y)] k+2 .~Note that 
<p(z,y) = Y ¥k(y)x k - Hence, 

fc>0 

y[C(y)} 2 



^ y ) = Y,^{y)x k = Y,y k+1 \C{y)\ 



k+2 x k 



1 — xyC(y) 

k>0 k>0 y Vtf/ 
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n-1 

Let p(x, y,z) = ^2 Y, Y op™ k x k y n z m — ^ Yl Y op™ k y n x k z m be the generating 

m>l n>m+l k=m m>l k>m n>fc+l 

function of the sequence op™ k with k > m. Let p m (x,y) = Y Yl op™ k y n x k and p m ,k(y) = 

k>m n>k+l 

E °K^2/ n for an Y & > ™, then p(x, y,z) = Y P™(x, y)z m and p m (x, y) = Y Pm,k{y)x k . 

n>k+l m>l k>m 

Theorem 5.3. Let k > and k > m > 1. T/ie generating function p m ,k{y) of the sequence 
formed by k-flaw preference sets length n with leading term m satisfies the following recurrence 
relation: 

p m ,k{y) = C(y)pm+i,k(y) 
PkAv) = y k+2 [C{y)] k+i . 

k+l n—k 

Proof. By Equation (3), we have Y °P™kV n = Yl J2 c i°Pn-i,ky n - 

n>k+l j=m+l n>k+l i=l 

Case 1. k = m 

Note that C(y) — 1 = y[C(y)} 2 . By Theorem 15.21 we have 

n— k 



n>k+l i=l 

Case 2. A; > m + 1 



Pm,fc(j/) = H ° P n,ky n 
n>k+l 
k+l n—k 

= 1111 H^opL^y 71 

j=m+l n>k+l i=l 

k n—k n—k 

= 1111 H^, k y n + H E c ^n~ly n 

j=m+l n>k+l i=l n>k+l i=l 

k 

= [C7(i/) -1] H P h M + [C(y) - l] Vk+ i(y) 

j=m-\-l 
k 

= y[C(y)] 2 £ p hk (y)+y[C(y)] 2 Vk+1 (y)- 

j=m+l 

k 

By the above equation, we have p m +i,k{y) = y[ C {y)f PjAv) + v[C(y)] 2( Pk+i(y)- 

j=m+2 

Hence, p m ,k{y) - p m +i,k(y) = y[C{y)} 2 pm+iAv)- Since 1 + y[C{y)\ 2 = c (y), we obtain 

p m ,k{y) = c(y)pm+iAy)- ■ 

Corollary 5.3. For any m > 1, let p m (x,y) be the generating function of the sequence 

formed by k-flaw preference sets length n with leading term m. Then 

x m y m+2 [C(y)] m+4 



Pm(x,y) 



l-xy[C(y)] 2 
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Furthermore, let p(x, y, z) be the generating function of the sequence formed by k-flaw prefer- 
ence sets length n with leading term m. Then 

( s = xy 3 z[C{y)f 

P{X,V,Z) [l-xy[C(y)ni-xyzC{y)Y 

Proof. By Theorem E31 we have p m ,k(v) = C{y)p m +i,k{y) = [C(y)] k ' m pk,k(y) = y k+2 \C{y)] 2k 

Therefore, for any k > m, we have p m ,k{y) = y k+2 [C (y)] 2k ~ m+A . 

So, 

„m„ ,m+2 \r i ( qi X\m+& 

2fc-m+4 fc _ X v [° \y)\ 



p ra (i,i/) = Vi/ fc+2 [C(f" i 

ttn l-xy[C{y)f 



and 



p(x,y,z) = Y — 



x m y m+2 [C(y)] m+4 m xy 3 z[C(y)] 1 



-z ' 



xy[C{y)Y [l-xy[C{y)Y][l-xyzC{y)\ 



n-l 

Let <p(x, y) = ^2 op n ^x k y n = Y Y °Pn,ky n x k be the generating function for the 

n>lfc=0 fe>0n>fe+l 

sequence op n>k . Let <p k (x) = Yl op n>k y n for any k > 0, then (f)(x,y) = Y 4>k{y)x k . 

n>k+l k>0 

Theorem 5.4. Let k > and <p k (y) be the generating function of the sequence formed by 
k-flaw preference sets length n. Then 

My) = y k+1 [C(y)] 2(k+1) . 

Proof. By Theorem 14.51 we have 

n—k—l 

Y °Pn,ky n = Yl Yl C ii°Pn~i,k - OV\-i,k\y n 
n>k+l n>k+l i=0 

n—k—l n—k—l 

= Y C i°Pn-i,ky n ~ Y C i°Pn-i,ky H - 

n>k+l i=0 n>k+l i=0 

Hence, My) = C(y)<j> k (y) - C(y) Pl , k (y). Note that Pl , k (y) = y k+2 [C(y)} 2k+3 and C(y) - 1 = 
y[C(y)] 2 . Therefore, <j> k {y) = y k+1 [C(y)] 2( - k+1 \ ■ 

Corollary 5.4. Let <j)(x,y) be the generating function of the sequence formed by k-flaw 
preference sets length n. Then 

y[C(y)} 2 



l-xy[C(y)Y 
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Proof. By Theorem 15.41 since <j)(x,y) = <Pk{y)x k -i we have 



fc>0 



2(k+l) x k 



y[C(y)f 



6 The mean and the various of the number of flaws in 
fc-flaw preference sets 

In this section, we will compute the mean and the various of the number of flaws of the 
sequences corresponding with the generating functions in Section 5. 



Corollary 6.1. For any k > and n > k + 1, let op k+ u denote the number of k-fl< 



aw 



preference sets of length n with leading term k + 1. Let mop 1 ^ and vop k ^ denote the mean 
and various of the number of flaws of preference sets in the set OV k+ u. Then we have 



Jc+l 



5(n-l) k+l _ 4(ra-l)(2n+ l)(4n + 7) 



Proof. By Corollary 15.21 the generating function of the sequences formed by op k ^ is 
<p(x, y) = jz^rcT)- Note that ^pr = 1 — yC(y). Simple computations tell us 



dip(x,y) 



dx 



= y 2 [C(y)? = y- 

x=1 n>2 ' " V '" " 7 n>l 



d 2 ip(x,y) 



dx 2 



x=l 



2y 3 [C(y)] 7 = 2y- 1 p h2 (y) = £ 



14 2n - 2 



n>3 



n + 3 V n — 4 



v- 1 = £ 

n>2 



14 / 2n 



n + 4 \n — 3 



and 



n>2 ^ ' n>l 



3 / 2n 



n + 2 \n — 1 



Hence, 



[y"]&L=i _ 5(n-l) 
m °Pn, m -i [y n ](/?(1)y) 3(n + 3) 
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and 



x=l 



[y n Mhy) 

4(n-l)(2n + l)(4n + 7) 
9(n + 3) 2 (n + 4) ' 



Corollary 6.2. For any k > 0, m > k and n > k + 1, Ze£ op™ fc denote the number of 
k-flaw preference sets of length n with leading term m. Let mop™ k and vop™ k denote the mean 
and various of the number of flaws of preference sets in the set OV™ k .Let 



t(n, m) 



n - m - 2 m(m + 3) ( 2i ) (2--m-2-2iN 4< , 4 x /2n-m-3-2i\ 



E 

i=0 



n — i + 1 



and 



r(n, m) 



m(m — l)(m + 4) / 2tz 



In — m 

n—m—2 

+ E 



\ra — m — 2 
m + 4 



+ 



n— m— 2 



m + 5 



i=0 



2(n-i- 1 



i=0 

2(n-i- T 



2(n — z) — m — 1 
^--f 2fn — z) — m — 1 \ n — i — m — 3 



2z 



m \ n — i — m 



Then for n > m + 2, we have 



m °Pn,k 



t(n, m) 

/2n-m-l\ 
V n—m—2 / 



and 



r(n,m) t(n,m) 



{2n—m—V\ 
\ n—m—2 . 



+ 



£(n, m) 

/2n-m-l\ 
V n—m—2 / 



L\ 1 /2n-m-l\ 
!/ V n-m-2 / 

Proof. By Corollary 15.31 the generating function of the sequence formed by op™ k is 
V) = i- xy [c\y)]2 ■ Note that c^y) = 1 ~ jAl/)- 



dp m {x,y) 



dx 



x=l 



my m+2 [C(y)} 



m+4 



m+6 



my 



i - y[C(y)] 2 

m+2 [C(w)] m+3 



+ 



r +3 [g(y)] 
[1 - 2/[c(2/)pp 

m+3 [C(y)] m+4 



y 



V^iy 

m(p m+2 {y) y m +3{y) 
VT=4y~ I -Ay 

t{n,m)y n 

n>m+2 



I -Ay 
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d 2 p m (x ) y) 



dx 2 



m(m-l)y m+2 [C(y)] m+A + 



x=l 



i-y[C(yW 



+ 



[i - y[C(y)} 
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, m+ 2r C(y)r+ 4 , 2(m-l ) j/ m + 3 [C( j /)] m+6 , 2 2/ ™+ 3 [C( 2 /)] m+6 



+ 



m(m - l) Pm , m (,) + 2(m ' 1)Pm+ . 1 - +l( ^ /) + 2 ^- (2/) 



1-% 



r(n,m)y n 



n>m+2 



n-1 



Since p m (x,y) — °Pnk x ' V n i D Y Lemma [331 we have 

n>m+l k=m 



n-1 



[y n ]p m (^y) = Y,°Pn, k = Pn 



>m 



k=m 



2n — m — 1 
n — m — 2 



Hence, for n > m + 2, we have 



t(n,m) 

m °Pn,k - , 2 n-m-l\ 
V n— m— 2 / 



and 



„ r(n,m) t(n,m) 



/2n— m— 1\ (%n— m— 1\ 
\ n— m— 2 / V n— m— 2 / 



t(n, m) 

(2n— m— 1\ 
V n— m— 2 / 



1 2 



Theorem 6.1. For any n > 1, Zei op n> fc denote the number of k-flaw preference sets of 
length n. Let mop n ^ and vop n ^ denote the mean and various of the number of flaws of 
preference sets in the set OV n> k- Then we have 



r£2n-l 

mop^k = -7^- 1, vop ntk = n 

(n) 



>2n-l 



ft) 



1 2 



Proof. By Corollary 15.41 the generating function of the sequence formed by op Ut k is 



{%,y) = T 



y[c{y)? 



-. By Lemma l5.ll simple computations tell us 



d(f)(x, y) 



dx 



x=l 



and 



y 



l 



2 1 - Ay 2^T=Mj 



n>l 



4-1 _ I ' 2n 



2\n 



0(1,2/) 



1 



2 2yr^% 



1 /2n 



n>l 



2 V ra 
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Hence, 



[y 



n] d<f>( x >y) 
dx 



mop n< k 



o2n-l 
x=l _ z y 



ly n m,y) (?) 

It is easy to obtain the following equation. 

d 2 <p{x,y) 



Hence, 



dx 2 



3?/ 



=1 v / T Tr 4y v/(l-4y)3 1-% 



E 

n>l 



fn + 2) 



2n 



-3-2 



2n-2 



„,-| d 2 <j>(x,y) 
dx 2 



VOp n:k = 



x=l 



[y n W,y) 



+ mop n:k - {mop n ^ k ) 2 = n 



)2n-l 



7 Appendix 

For convenience to check the equations in the previous sections, by computer search, for 
n < 6, we obtain the number of /c-flaw preference sets of length n with leading term m and 
list them in Table 1. Note that op n ^ = if n < k and op™ k = if m > k + 2. When k — 0, 
op ni o is equals the n-th Catalan number c n . 
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°Pn,k 


m = 1 


2 


3 


4 


5 


6 


7 


8 


OPn,k 


(n,k) = (1,0) 


1 

















1 


(2,0) 


2 

















2 


(2,1) 





1 















1 


(3,0) 


5 

















5 


(3,1) 


1 


3 















4 


(3,2) 








1 













1 


(4,0) 


14 

















14 


(4,1) 


5 


9 















14 


(4,2) 


1 


1 


4 













6 


(4,3) 











1 











1 


(5,0) 


42 

















42 


(5,1) 


20 


28 















48 


(5,2) 


7 


6 


14 













27 


(5,3) 


1 


1 


1 


5 











8 


(5,4) 














1 









1 


(6,0) 


132 

















132 


(6,1) 


75 


90 















165 


(6,2) 


35 


27 


48 













110 


(6,3) 


9 


8 


7 


20 











44 


(6,4) 


1 


1 


1 


1 


6 









10 


(6,5) 

















1 







1 



Table. 1. op™ k for any n < 6 
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